resp.)is that there is an X in any such algebra Ç such that the eigenvalues of ad X are contained in the set {0, ± 1, ± &} (cf. {3], [4], [7] ). Moreover, the direct sum of the +1 and -& eigenspace turns out to be a triple system (a vector space together with a trilinear inner composition) such that ? decomposes as the vector space direct sum 5ß (2)© 5 © 5 where 5c(2) is a subalgebra of the Lie algebra of all linear transformations on 2 and % is another copy of %. If G is obtained by the Koecher construction, the ± H eigenspaces are {0}; if £ is obtained by the method of Faulkner, the ±1 eigenspaces are one dimensional. Consulting a table of roots of the simple Lie algebras over an algebraically closed field of characteristic zero one finds that each such Lie algebra contains an element X such that the eigenspaces of ad X do not satisfy the above dimension restrictions. This is the point where the present paper starts.
a Jordan algebra with unit element. Then 21 is the +1 and 8 is the -& eigenspace of ad X with suitable X in 51 (2) .
In §2, we start with a situation 21, a,f, 8 which satisfies certain axioms and make the vector space direct sum 2 = 21 © 8 a triple system such that the construction of §1, yields a Lie algebra C (2) .
We investigate the ideals of 2 and Q (2) in §3 and give conditions for 2 and Q (2) to be simple.
In §4, we give a set of examples which provide Lie algebras of type B, C, and D.
Using symplectic representations of Jordan algebras and Lie algebras we construct in §5 triple systems as considered in §2, such that Lie algebras of type G2, F4 and E8 are obtained, the latter two types by means of spin representations of Clifford algebras.
Note. After the present paper had been completed, the author was referred by J. R. Faulkner to a paper of I. L. Kantor in Soviet Math. Dokl. 14 (1973), pp.
254-258, who gives a construction which is related to that given in the present paper.
According to the referee, another related paper is A construction of Lie algebras from ^-ternary algebras, by B. N. Allison, which will appear in Amer. J.
Math. 1 . A class of ant¡commutative algebras. 1.1. Let A, B be vector spaces over a field of characteristic not two, A ¥= { 0}. Suppose that on the direct sum T = A © B a trilinear inner composition (u, v, w) I-*<,uvw) is defined satisfying <TTA)CA, <TTB)CB, <ABT) = <BAT) = {0}, and that there is an element e =£ 0 in A such that (2) (abe) + <bae) = 0 for all a, be B.
Let 2 denote the triple system (J, < >) and 51(2) the Lie algebra of linear transformations on 2 which is generated by the transformations L (u, v), where L(u, v) is defined for u, v G 2 by L(u, v)w := <uvw), Let Ä, B be other copies of A and B resp. and let x |->• x, a \-» ä be isomorphisms of A onto A and B onto B resp.
In order to construct an anticommutative algebra, we define, using an 
is satisfied for all X, r,ZGC(S,*). Since 51(2) is a Lie algebra, J(NlfN2,N3) = 0 holds for Nt G 51 (2) . Since TV h^-A^* is an involution, J(NV N2, X) = 0 holds for N¡ G 51(2) and X G Ç(2, *). Using the fact that the mapping J is alternating, a simple computation shows that C(2, *) is a Lie algebra if and only if the following identities are satisfied for all N G 51(2), u, v G 2, x, y, z G A and a, b, c G B: for N, N' G 51(2) and x,y,zEA. Thus, in the case where L(x, y)* = L(y, x) for x, y G A our construction is the same as that given by Meyberg in [8] . If in addition A is a Jordan algebra under the composition x • y = (xey) with unit element e we observe, using (4) , that our construction is identical with the Koecher construction (cf. [6] ).
2. A class of triple systems. In this section we shall be interested in those triple systems used in §1 to construct the anticommutative algebra Q(2, *). We restrict ourselves to the case where A with the multiplication x • y = (xey ) is a Jordan algebra with unit element e (see 1.3b). We describe the triple system 2 in terms of a Jordan algebra 21, a certain kind of triple system 8, a special unital representation a of JI on the underlying vector space of 8 and a skew symmetric bilinear mapping from 8 x S to 21 by a system of axioms, which guarantee that with a suitable involution * of the Lie algebra 51(2) of endomorphisms of 2 generated by the linear mappings w i->■ (uvw) the algebra C(2, *) is a Lie algebra. 
for x.yG ÇI and a, ¿GS.
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Next we define a bilinear mapping D: 2 x 2 r-*■ EndF(2) by (6) and (7) we obtain Adding the last two identities and using (7) and (8), we get the desired result.
Since (abx) = -fix . a, b) for x G 21 and a, b G 8 (see (5)), it follows from (F), (6) and (8) that (17) holds when applied to x G 21. Combining (7), (VI), (V2) and (16) We note that (14) implies D(2,2) = Inder(2), where Inder(2) is the Lie algebra of those endomorphisms D G £(2,2), for which D(uuw) = <(Dw)mv> + (uiDv)w) + (uviDw)) holds for all u, v, w G 2, the so-called inner derivations of the triple system 2 . The triple system 2 and the involution * of the Lie algebra ¿(2,2) defined in the present section lead to the anticommutative algebra C(2, *) constructed in §1.1. We observe Theorem 1. 5(2, *) isa Lie algebra.
Proof.
Following remark 1.3a, we must verify the identities (a)-(h) of §1.1. Now, (b) is immediate from the definition of < >a. Identity (a) is equivalent to (14), and (c) follows from (7), whereas (d) and (e) are special cases of definition (5) . Finally, (f), (g) and (h) are equivalent to (16), (15) and (17) resp.
If 2 is the triple system constructed as above from an admissible situation and * is the involution defined by (11), we write Q(2) for the Lie algebra G(2, *)• 3. Ideals in 2 and C(2). Let Ö be a triple system over a field of char ¥= 3 (and ¥= 2) and a a subspace of 2. We call a an ideal of S if
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use <S3 5ßa> Ca, <3]aï5> C a and <a»Sß> C a. We call the triple .system 33 simple if <BS$B>=¿ {0} and Sß has no ideals different from {0} and ».
For the present section we fix an admissible situation 21, a, f 8 and denote the corresponding triple system constructed as in §2.4 by 2.
3. 3.2. For the rest of this section we assume that / is not the zero mapping. We saw that each ideal of 2 can be written as a © 6, where a is an ideal of 21 and í> is an ideal of 8. Conversely given ideals a, i> of 21 and 8 resp., the sum a © b is an ideal of 2 if and only if Proof. Suppose 2 is not simple and t is an ideal of 2 such that {0} =£ t =£ 2. Write t = a © 6 where a and b are suitable ideals of 21 and 8 resp. Then (21) yields a(21)6 C i>. If {0} and 8 are the only a(2I)-invariant ideals of 8 we obtain that either i> = {0} or 6 = 8. If a is faithful (21) shows that 6 = {0} implies a = {0}, hence t = {0}. Using (21) again we see that <im f) = 21, and 6 = 8 implies a = 21, hence t = 2. Thus in any case we get a contradiction to our assumption on t.
3.3. We consider the important case, where the Jordan algebra 21 is simple.
Recall that {0} © {a G 8;/(a, 8) -{0}} is an ideal of 2 and that {0} © 8
is not an ideal of 2 since f¥=0. Hence 2 simple implies / nondegenerate. It is an immediate consequence of (21) for all TV G 51 and a, ft G 8. Now we are ready to establish our axioms. First, we get (F) as a simple consequence of (22) Since a is nondegenerate this yields (V3). Suppose (31) is satisfied and 2T is simple. Since ß is nondegenerate, / is also. Using the proposition of §3, we conclude that Q(2) is simple. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for 0 < / < 3. This representation is clearly faithful. It is symplectic with respect to the nondegenerate skew symmetric bilinear form ß, defined by the matrix (.,■-")
We define the bilinear form a by a(e, e) = -8/3 which yields /(a, ft) = -(3/4)/J(a, ft)e (e as in 5.2.1).
In order to check (31) we note that, if p denotes the Killing form of 2), the relations pQI, H) = 8, p(E, F) = 4, pQI, E) = p(/¿, F) = p(E, E) = p(E, F) = 0 holds. Using (29) we obtain for 0 < /, /, k < 3 *Ket> e¡)ek = V vt»kß(et, e¡)ek + Pkßiei+1, ej)ek_l + ß.ß(ei_1, e¡)ek+1. Now, an easy computation establishes (31).
5.5. We shall now give the construction of Lie algebras of type F4 and E8 according to 5.2.2. What we need is a faithful symplectic special unital representation of a finite-dimensional Jordan algebra 21 with unit element e ^ 0 on a finitedimensional nonsingular symplectic space, where 21 admits a nondegenerate symmetric associative bilinear form.
Let V be a vector space of finite dimension n over a field F of characteristic not two or three. Let q be a quadratic form on V with associated symmetric bilinear form a, defined by a(*. y) = Vl iqix +y)-qix) -qiy)) for x.yGV.
We denote the Clifford algebra of q byS(F, q) or E. The subspace 2Í := If n = 2r clearly V = N®P holds. Let n = 2r+ I. We assume that 2(-l)r¿> is a square in F, ¿» being the discriminant of q. Then there exists a vector *" in V such that (34) a(x/,x") = 5i(" (1 </<«).
Note that F = W©P©F;c".
Recall Since t is a faithful representation of £ and S is the special unital universal envelope of 21, the restriction of t to 21 is a faithful special unital representation of 21 on the vector space B which we denote by a. Theorem 5. The situation 21, a, f 8 is admissible if and only if the dimension of V is either 6 or 13. In the former case the corresponding Lie algebra Q(2) is of type F4 whereas Q(2) is of type Es in the latter case.
simple and has dimension 52 if n = 6, it has dimension 248 if n = 13. Now, using (33)-(36) both sides of (31) can be computed from the definitions (28) and (29). Note that if (31) holds for ft = e, e the unit element of £, then (31) holds for all ft G 8. This can be proved by an easy induction on the number of elements of M if ft = xM. The statement that n = 6 or n = 13 is necessary for (31) to be satisfied follows from the case a = xR, ft = c = e.
